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THE CONTINUITY OF χ-VOLUME FUNCTIONS OVER
ADELIC CURVES
by
Wenbin LUO
Abstract. — In the setting of Arakelov geometry over adelic curves, we
introduce the χ-volume function and show some general properties. This
article is dedicated to talk about the continuity of χ-volume function. By
discussing its relationship with volume function, we prove its continuity around
adelic Q-ample Q-Cartier divisors and its continuity in the trivially valued
case. The study of the variation of arithmetic Okounkov bodies leads us to its
continuous extension on arithmetic surfaces.
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1. Introduction
The aim of this paper is to discuss some properties of several asymptotic
invariants of arithmetic divisors under the setting of Arakelov geometry over
adelic curves.
As a method towards arithmetic geometry, Arakelov geometry is inspired
by the idea that when we study an arithmetic variety over SpecZ, the set of
its C-points which forms a complex variety should be taken into consideration.
This can be understood as a "compactification" of SpecZ by a transcendental
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point. As the name shows, Arakelov geometry was initiated by Arakelov in
order to define an intersection theory on arithmetic surfaces[1]. His incom-
plete blueprint was completed by Faltings[6] and then generalized to higher
dimensional cases by Gillet and Soulé[7].
In this article, in order to proceed with a discussion in a more general setting,
instead of number fields, we use the notion of adelic curves introduced by Chen
and Moriwaki [4]. We can notice that the function field of a projective curve
can be treated equally as a number field in the sense that they both have
the product formula. The notion of adele rings of global fields are used to
describe those phenomena. Based on this prototype, in order to consider a
Arakelov geometry to include them all, an adelic curve is defined to be a field
K together with a set of its absolute values parametrised by a measure space
(Ω,A, ν) where A is a σ-algebra and ν is a measure of Ω (for the examples
mentioned above, the measures would be taken to be just counting measures).
In [4], Chen and Moriwaki generalized a lot of results in arithmetic geometry
to the case over adelic curves. One of them is the continuity of volume function
of adelic R-Cartier divisors. In birational geometry, the volume function of a
divisor D on an n-dimensional variety X is given by
vol(D) = lim sup
n→+∞
h0(X,nD)
nd/d!
to demonstrate the magnitude of the growth of h0(nD) with respect to n. In
classical arithmetic geometry, h0 is replaced by the number of small sections,
and the continuity of the analogous volume function was proved by Moriwaki
[10]. In the setting over adelic curves, we choose the positive degree d̂eg+
(which is gained by taking the maximal Arakelov degree among all its sub-
spaces) of an adelic vector bundle E as a sensible analogue of h0. In the proof
of the continuity of the volume function over adelic curves in [4], as a very use-
ful method to calculate the Arakelov degree, the Harder-Narasimhan filtration
is implemented and hence introduced the arithmetic Okounkov bodies which
would lead to a generalized Brunn-Minkowski type inequality.
In birational geometry, for a big divisor D on a projective variety X, we
can construct Okounkov body ∆(D)(which is a convex body in Rd) whose
volume is exactly the volume of the divisor up to a constant depending on the
dimension of the variety solely. In [3], Boucksom and Chen associated filtered
(in our case, mainly Harder-Narasimhan filtration) linear series of a big line
bundle with a concave function on its Okoukov body. In particular, for each
arithmetic big line bundle, we can get its arithmetic volume by calculating the
integral of the positive part of the concave function (the use of positive part
comes from positive degrees).
Then it’s natural to consider the case if we replace positive degrees by simply
Arakelov degrees. This idea inspired us to introduce the χ-volume function by
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which we wish to give an analogy of Euler characteristics. The ultimate goal
of this study is to prove the following formula,
(1) lim
ǫ→0
v̂olχ(D + ǫE) = v̂olχ(D)
where D and E are adelic R-Cartier divisors on an arithmetic variety. The
definition of adelic R-Cartier divisors would be given in subsection 3.4. But
we only shows some results under certain conditions in this article.
One main method of this paper is to investigate its relationship with arith-
metic volume by using a Green function to make the concave transform posi-
tive everywhere (in some sense, we are studying the integrablity of the concave
transforms). This paper provides several ways to show the existence of this
Green function for some certain divisors (mainly ample divisors).
One of the main results is the continuity of v̂olχ(·) of adelic Q-Cartier Q-
ample divisor:
Theorem 1.1 (cf. Theorem 5.15). — Let D = (D, g), E1, . . . , En be adelic
Q-Cartier divisors, if D is Q-ample Q-Cartier, then it holds that
lim
|ǫ1|+···+|ǫn|→0
v̂olχ(D + ǫ1E1 + · · · + ǫnEn) = v̂olχ(D)
where ǫi ∈ Q for i = 1, . . . , n.
For the case over trivially valued field, i.e. the parametrizing measure space
Ω consists of only one point which is the trivial absolute value, the continuity
of v̂olχ(·) is easily gained as shown in subsection 4.2.
We also give the so-called continuous extension for χ-volume on arithmetic
surfaces by introducing v̂olI(·) which is nothing but the integral of the concave
transform over the Okounkov body. We firstly shows that v̂olI(·) is continuous
which would leads us to the following theorem:
Theorem 1.2 (cf. Corollary 5.17). — Assume that dimX = 1. Let D =
(D, g) be an adelic R-Cartier divisor on X such that deg(D) > 0. So we can
write D as
D = α1D1 + α2D2 + · · ·+ αnDn
where Di = (Di, gi), D is a Cartier divisor on X with deg(Di) > 0, i =
1, . . . , n. Then we have the following continuous extension of v̂olχ(·):
lim
ai→αi
ai∈Q
i=1,...,n
v̂olχ(a1D1 + a2D2 + · · · + anDn) =
v̂olI(D)
2
.
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2. Adelic curves and adelic vector bundles
Let K be a field and MK be the set of all its absolute values. Let (Ω,A, ν)
be a measure space where A is a σ-algebra on Ω and ν is a measure on (Ω,A).
If there exists a φ : Ω → MK , ω 7→ |·|ω such that for any a ∈ K\{0}, the
function
(ω ∈ Ω) 7→ ln |a|ω
is A-measurable, integrable with respect to ν, then we call the whole data
(K, (Ω,A, ν), φ) an adelic curve. For each ω ∈ Ω, we denote by Kω the
completion of K with respect to the absolute value |·|ω. Moreover, we say
S is a proper adelic curve if S satisfies the product formula∫
ω∈Ω
ln |a|ων(dω) = 0.
Example 2.1. — Let K be a number field and Ω = {all places of K}. We
equip Ω with discrete σ-algebra A and ν({ω}) = [Kω : Qω] where ω ∈ Ω and
Kω(resp. Qω) is the completion of K(resp. Q) with respect to the absolute
value |·|ω . Then such an adelic curve S = (K, (Ω,A, ν), φ) is a proper adelic
curve due to the product formula for number field:∏
ω∈Ω
|a|[Kω:Qω]ω = 1
for any a ∈ K\{0}.
Example 2.2. — Let K be any field and |·|0 the trivial valuation on K,
namely |x|0 =
{
1 x 6= 0,
0 x = 0.
Let Ω = {|·|0} and ν({|·|0}) = 1. This is also
a proper adelic curve.
Definition 2.3. — If the absolute value |·|ω on K satisfies the inequality
|x+ y|ω 6 max{|x|ω, |y|ω}
for x, y ∈ K, we say the norm |·|ω is non-Archimedean. Otherwise, we say
|·|ω is Archimedean. We denote by Ω∞ := {ω ∈ Ω | |·|ω is Archimedean} and
Ωfin := Ω \ Ω∞ the set of infinite places and finite places respectively .
Note that for each ω ∈ Ω∞, Kω = R or C, and there exists a κ(ω) ∈ (0, 1]
such that |·|κ(ω) = |·|ω where |·| is the usual absolute value on R or C. Normally,
we assume that κ(ω) = 1, which makes ν(Ω∞) < +∞ (see Chen and Moriwaki
[4, Proposition 3.1.2]).
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2.1. Adelic vector bundles. —
Definition 2.4. — Let E be a finitely dimensional vector space over K. Then
a norm family ξ on E is a set of the form {‖·‖ω}ω∈Ω where each ‖·‖ω is a norm
on EKω := E ⊗K Kω.
(1) Let F be a vector subspace of E, for each ω ∈ Ω, we denote by ‖·‖ω,F the
restriction of ‖·‖ω on FKω := F ⊗K Kω ⊂ EKω . Then we denote by ξ|F
the norm family {‖·‖ω,F }ω∈Ω, which is called the restriction of ξ on F .
(2) Let G be a quotient space of E (i.e. there is a surjective map µ : E ։ G),
for each ω, we denote by ‖·‖ω,EKω։GKω , the quotient norm of ‖·‖ω on GKω
through the induced surjective map µω : EKω ։ GKω , i.e.
‖s‖ω,EKω։GKω = infr∈EKω
µω(r)=s
‖r‖ω
for any s ∈ GKω . Then we denote the norm family {‖·‖ω,EKω։GKω }ω∈Ω
by ξE։G, which is called the quotient norm family of ξ on G.
Definition 2.5. — Let E = (E, ξ) be a pair of a finitely dimensional vector
space over K and a norm family on it. Let ξ∨ = {‖·‖ω,∗}ω∈Ω denote the dual
norm family on E∨ where
‖f‖ω,∗ = sup
s∈EKω\{0}
|f(s)|ω
‖s‖ω
for each ω ∈ Ω and f ∈ E∨Kω = (EKω)
∨. We denote the pair (E∨, ξ∨) by E
∨
.
For the dual norm family defined above, there is an important property
worth noting. Let E = (E, ξ) be a pair of a finitely dimensional vector space
over K and a norm family on it. We say ξ is ultrametric on Ωfin if for any
ω ∈ Ωfin, the norm ‖·‖ω is ultrametric, i.e. for any x, y ∈ EKω , the following
strong triangle inequality holds:
‖x+ y‖ω 6 max{‖x‖ω , ‖y‖ω}.
It can be verified that the ξ∨ defined above is always ultrametric on Ωfin.
Definition 2.6. — Let E1 = (E1, ξ1 = {‖·‖1,ω}) and E2 = (E2, ξ2 =
{‖·‖2,ω}) be two pairs of finitely dimensional vector space over K and norm
family on it. Then we define the so-called ǫ, π-tensor product of them to be
E1 ⊗ǫ,π E2 := (E1 ⊗ E2, ξ1 ⊗ǫ,π ξ2 = {‖·‖ω}ω∈Ω)
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where for each ω ∈ Ω and s ∈ (E1 ⊗ E2)Kω = (E1)Kω ⊗ (E2)Kω ,
‖s‖ω :=

inf
s=
∑
i
xi⊗yi
∑
i
‖xi‖1,ω‖yi‖2,ω if ω ∈ Ω∞,
sup
(f1,f2)∈(E1)∗Kω×(E2)
∗
Kω
f1,f2 6=0
|s(f1, f2)|ω
‖f1‖1,ω,∗‖f2‖1,ω,∗
if ω ∈ Ωfin.
Note that the definition for the second case above is sensible because we can
view s ∈ (E1)Kω ⊗ (E2)Kω as a bilinear form on the space (E1)
∗
Kω
× (E2)
∗
Kω
.
Furthermore, ξ1 ⊗ǫ,π ξ2 is ultrametric on Ωfin.
Definition 2.7. — Let E = (E, ξ) be a pair of a vector space over K of
dimension r and a norm family on it. Then we define its determinant to be
detE := (detE,detξ = {‖·‖ω,det})
where for any ω ∈ Ω and s ∈ (detE)Kω = detEKω , the determinant norm of s
is given by
‖s‖ω,det = inf
s=x1∧···∧xr
x1,··· ,xr∈EKω
‖x1‖ω · · · ‖xr‖ω.
Definition 2.8. — (Adelic vector bundles) Let E = (E, ξ) be a pair of a
finitely dimensional vector space over K and a norm family on it. We say the
norm family ξ is measurable if the function
(ω ∈ Ω) 7→ ‖a‖ω
is A-measurable with respect to ν for any a ∈ E\{0}. We say the norm family
ξ is upper dominated if
∀s ∈ E\{0},
∫
Ω
ln ‖s‖ων(dω) < +∞.
Moreover, if both ξ and ξ∨ are upper dominated, we say ξ is dominated.
We say E is an adelic vector bundle over S if ξ is both dominated and
measurable. Especially when dimK(E) = 1, we call E an adelic line bundle.
Note that we can verify if E = (E, ξ) and E
′
are adelic vector bundles, then
– (F, ξ|F ) and (G, ξE։G) are adelic vector bundles for any vector subspace
F ⊂ E and quotient space G respectively.
– The determinant det(E) is an adelic line bundle.
– E ⊗ǫ,π E
′
is an adelic vector bundle.
(see Chen and Moriwaki [4, Proposition 4.1.32]).
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2.2. Arakelov degree of adelic vector bundles. — Throughout this
subsection, S = (K, (Ω,A, ν), φ) is a proper adelic curve.
Definition 2.9. — Let (E, ξ) be an adelic line bundle over S. Then we define
its Arakelov degree to be
d̂eg(E, ξ) = −
∫
Ω
ln‖s‖ων(dω)
where s is a nonzero element of E. The definition is independent with the
choice of s because S is proper.
If (E, ξ) is an adelic vector bundle (not necessarily of dimension 1) over S.
For any s ∈ E\{0}, we define the degree of s as
d̂egξ(s) := −
∫
Ω
ln ‖s‖ων(dω)
and the Arakelov degree of (E, ξ) as
d̂eg(E, ξ) :=
{
d̂eg(detE,detξ) if E 6= 0,
0 if E = 0.
Definition 2.10. — Let E = (E, ξ) be an adelic vector bundle over S. For
any vector subspace F of E, we denote by F = (F, ξ|F ) the adelic vector
subbundle. Then we define the positive degree of E to be
d̂eg+(E) := sup
F⊂E
d̂eg(F ).
Note that since d̂eg(0) = 0, d̂eg+(E) > 0.
We may expect that the Arakelov degree d̂eg(·) defined above are additive
with respect to an exact sequence of adelic vector bundles. But this is not true
in general. We discuss this issue by introducing the following notions.
Let E = (E, ξ) be an adelic vector bundle over S. For each ω ∈ Ω, let
∆ω(E) := inf
{
‖·‖′det
‖·‖ω,det
∣∣∣∣ ‖·‖′ is norm on EKω , which is either ultrametricor induced by an inner product
}
,
δω(E) :=
‖·‖ω,det,∗
‖·‖ω,∗,det
and
∆(E) :=
∫
ω∈Ω
ln∆ω(E)ν(dω),
δ(E) :=
∫
ω∈Ω
ln δω(E)ν(dω).
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We can give the following estimates for ∆ω(E) which are depending only
on the rank of E. (see Chen and Moriwaki [4, Proposition 1.2.42] and [4,
Proposition 1.2.54])
0 6 ln∆ω(E) 6
rk(E) ln(rk(E)) if ω ∈ Ωfin,1
2
ln rk(E) if ω ∈ Ω∞.
The similar estimates for δω(E) are given by
0 6 ln δω(E) 6
0 if ω ∈ Ωfin,1
2
rk(E) ln(rk(E)) if ω ∈ Ω∞.
(see Chen and Moriwaki [4, Proposition 1.2.46, Proposition 1.2.47 and Remark
1.2.55]).
Proposition 2.11. — Let (E, ξ) be an adelic vector bundle. For a flag of
vector subspace of E:
0 = E0 ⊂ E1 ⊂ · · · ⊂ En = E,
we denote by ξi the restriction norm family of x on Ei, and ηi the quotient
norm family of ξi on Ei/Ei−1, we thus get the following inequality
n∑
i=1
d̂eg(Ei/Ei−1, ηi) 6d̂eg(E, ξ)
6
n∑
i=1
(
d̂eg(Ei/Ei−1, ηi)−∆(Ei/Ei−1, ηi)
)
+∆(E, ξ).
Moreover, if ξ is ultrametric on Ωfin, then
n∑
i=1
d̂eg(Ei/Ei−1, ηi) 6d̂eg(E, ξ)
6
n∑
i=1
(
d̂eg(Ei/Ei−1, ηi)− δ(Ei/Ei−1, ηi)
)
+ δ(E, ξ).
Proof. — See Chen and Moriwaki [4, Proposition 4.3.12].
Definition 2.12. — Let (E, ξ) be an adelic vector bundle over S. The slope,
the maximal slope and the minimal slope of (E, ξ) is defined respectively as
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follows:
µ̂(E, ξ) :=
d̂eg(E, ξ)
rk(E)
,
µ̂max(E, ξ) := sup
06=F⊂G
µ̂(F, ξ|F ),
µ̂min(E, ξ) := inf
E։G 6=0
µ̂(G, ξE։G).
Remark 2.13. — The reason that the above notions are important is that
µ̂max and µ̂min are the starting and ending points of the decreasing real numbers
sequence corresponding to Harder-Narasimhan filtration of (E, ξ) about which
we are going to talk in the next subsection.
Especially in this paper, we care about µ̂min and its asymptotic version
which are essential for the relationship between d̂eg and d̂eg+ because of the
following fact:
If µ̂min(E, ξ) > 0, then d̂eg(E, ξ) = d̂eg+(E, ξ).
Indeed, if there exists F a vector subspace of E such that d̂eg(F, ξ|F ) >
d̂eg(E, ξ), then consider the following exact sequence
0→ F → E → G→ 0
where G = E/F . Since d̂eg(F, ξ|F ) + d̂eg(G, ξE։G) 6 d̂eg(E, ξ), one obtains
that d̂eg(G, ξE։G) < 0 which contradicts the fact that µ̂min(E, ξ) > 0.
Proposition 2.14. — Let (E, ξ) be an adelic vector bundle on S and φ be an
integrable function on Ω. Then
µ̂min(E, exp(−φ)ξ) = µ̂min(E, ξ) +
∫
Ω
φ(ω)dω.
Proof. — Firstly, for any adelic vector bundle (F, ξF ) on S, we have
µ̂(F, exp(−φ)ξF ) = µ̂(F, ξF ) +
∫
Ω
φ(ω)dω
because d̂eg(F, exp(−φ)ξF ) = d̂eg(F, ξF ) + dimK(F )
∫
Ω φ(ω)dω. Then the
statement follows from the fact that (φ(ω)‖·‖)E։G = φ(ω)‖·‖E։G for any
non-zero quotient space G of E and ω ∈ Ω.
2.3. Harder-Narasimhan filtration. —
Definition 2.15. — Let E = (E, ξ) be an adelic vector bundle over S. For
any vector subspace F ⊂ E, we denote by F the adelic vector bundle (F, ξ|F ).
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Then we consider the following R-filtration
F thn(E) =
∑
06=F⊂E,
µ̂min(F )>t
F
which is called the Harder-Narasimhan filtration of E. We define the i-th slope
of E by
µ̂i(E) = sup{t ∈ R | dimK(F
t
hn(E) > i}
for i = 1, · · · , r = dimK(E).
Remark 2.16. — It’s easy to check that the function
(t ∈ R) 7→ µ̂min(F
t
hn(E), ξ|Ft
hn
(E))
is a right continuous piecewise function with maximum µ̂max(E) and minimum
µ̂min(E).
Proposition 2.17. — Let E = (E, ξ) be an adelic vector bundle on S. Then
the inequalities
r∑
i=1
µ̂i(E) 6 d̂eg(E) 6
r∑
i=1
µ̂i(E) + ∆(E)
holds where r = dimK(E).
Proof. — See [4, Proposition 4.3.49 and Proposition 4.3.50].
Proposition 2.18. — Let E = (E, ξ) be an adelic vector bundle on S and φ
an integrable function on Ω. Then
µ̂i(E, exp(−φ)ξ) = µ̂i(E, ξ) +
∫
ω∈Ω
φ(ω)dω
for each i = 1, 2, . . . ,dimK(E).
Proof. — For any nonzero vector subspace F of E, according to Proposition
2.14, it holds that
µ̂min(F, exp(−φ)ξ|F ) = µ̂min(F, ξ|F ) +
∫
ω∈Ω
φ(ω)dω.
Then by the construction of the Harder-Narasimhan filtration, the assertion is
proved.
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2.4. Successive minima. —
Definition 2.19. — Let E = (E, ξ) be an adelic vector bundle over S and
r = dimK(E). We call
νi(E) := sup{t ∈ R : dimK(Span({s ∈ E | d̂egξ(s) > t})) > i}, i = 1, · · · , r
the ith-minimum of E.
Since ν1(E) > ν2(E) > · · · > νr(E), let νmax(E) = ν1(E) and νmin(E) =
νr(E) denote the maximal minimum and minimal minimum respectively. If
E = 0, then by convention, we set νmax(E) := −∞ and νmin(E) := +∞. It’s
easy to see that νmin(E) > 0 if and only if there exists a basis {e1, · · · , er} of
E such that d̂egξ(ei) > 0. In this case, we call E can be generated by small
sections.
Definition 2.20. — We say the adelic curve S satisfies the strong Minkowski
property of level > C where C ∈ R>0 if for any adelic vector bundle (E, ξ) on
S with ξ being ultrametric on Ωfin, then
νmin(E, ξ) > µ̂min(E, ξ) − C ln(rk(E)).
Proposition 2.21. — For any non-zero adelic vector bundle (E, ξ) on S, it
holds that
νi(E, ξ) 6 µ̂i(E, ξ)
for i = 1, . . . , rk(E). Moreover if S satisfies the strong Minkowski property of
level > C, then
νi(E, ξ) > µ̂i(E, ξ) −C ln(rk(E)).
Proof. — See Chen and Moriwaki [4, Corollary 4.3.77 and Proposition 4.3.79].
3. Adelic R-Cartier divisors
Throughout the section, let S = (K, (Ω,A, ν), φ) be a proper adelic curve
and π : X → SpecK be a morphism of schemes where X is a geometrically
integral projective K-scheme. For each ω ∈ Ω, let Xanω denote the Berkovich
space associated to Xω := X ×SpecK Spec(Kω). We denote by jω the specifi-
cation map from Xanω → Xω for each ω ∈ Ω (for details, see [2]). Note that
each x ∈ Xanω represents a absolute value on κ(jω(x)) extended from |·|ω . We
denote it by |·|x, and the completion of κ(jω(x)) respect to |·|x by κ̂(x). The
Berkovich topology on Xanω is actually defined to be the most coarse topology
to make every function with form x 7→ |f(jω(x))|x(f is a rational function on
Xω) and jω continuous.
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3.1. Green functions and continuous metrics. — For a fixed ω ∈ Ω,
we set A (Xanω ) := {j
−1
ω (U) | U ⊂ Xω is open} where each j
−1
ω (U) is called
a Zariski open subset of Xanω . For any open subset U ⊂ X
an
ω , we denote by
C0(U) the set of all continuous function on U . Let
C0gen(X
an
ω ) := {(U, f) | U ∈ A (X
an
ω ) and f ∈ C
0(U)}/ ∼
where ∼ is an equivalent relationship given by
(U1, f1) ∼ (U2, f2) if f1 = f2 on U1 ∩ U2 6= ∅.
Now we have finished the preparation to define the Green functions on
Cartier divisors. Let D be a Cartier divisor on X, we denote by Dω the
pull-back of D under Xω → X.
Definition 3.1. — For any element gω of C
0
gen(X
an
ω ), if f is a local equation
of Dω on an open subset U ⊂ Xω, then gω + ln |f |x ∈ C
0
gen(X
an
ω ). We say gω is
a Green function on Dω if for any f as above, gω + ln |f |x has a representative
defined on j−1ω (U).
Consider a Green function family g = {gω}ω∈Ω parametrised by Ω, we say
it is a D-Green function family if for each ω ∈ Ω, gω is a Green function on
Dω.
We define Green function like this because we want each Green function
uniquely determines a continuous metric on the corresponding line bundle.
Before getting into that discussion, we firstly give the definition of continuous
metric as follows:
Definition 3.2. — Let F be a locally free OXω -module of finite rank, a metric
on F is a collection φ := {|·|φ(x)}x∈Xanω of norms |·|φ(x) on F ⊗OXω κ̂(x)
respectively. Further, we say φ is continuous if for any section s ∈ F (U) where
U is a open subset of Xω, the function
(x ∈ j−1ω (U)) 7→ |s(x)|φ(x)
is continuous on j−1ω (U).
Remark 3.3. — Let L = OX(D), then a D-Green function family g uniquely
determines a metric family φ = {φω}ω∈Ω such that φω is a continuous metric
on the line bundle Lω := OXω(Dω). More precisely, For each x ∈ X
an
ω , we take
a local equation f defining Dω around jω(x), then for any v ∈ L ⊗ κ̂(x), we
can write v as λ⊗ f(jω(x)) where λ ∈ κ̂(x). The norm |·|φω is given by
|v|φω (x) := exp(−g(x) − ln |f(jω(x))|x)|λ|x.
This is well-defined because if f1 and f2 are two local equation of Dω around
jω(x), then f1(jω(x)) and f2(jω(x)) are differed by an element u in O
∗
Xω ,jω(x)
.
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Thus for v = λ⊗ f1(jω(x)) = uλ⊗ f2(jω(x)), we have
|f1(jω(x))|
−1
x |λ|x = |f2(jω(x))|
−1
x |uλ|x.
The metric φω is naturally continuous due to the definition of Berkovich
topology.
3.2. Dominance of metric families. —
Definition 3.4 (Fubini-Study Metric). — Let E = (E, ξ) be a pair of a
vector space over K of rank n and a norm family on it. We denote by P(E)
the projective space of E, and OE(1) the tautological bundle of P(E).
For any ω ∈ Ω and any point x ∈ P(E)anω , we are going to assign a norm on
OE(1)⊗OP(E) κ̂(x). For the first step, we assign a norm ‖·‖E(x) on E ⊗K κ̂(x)
by the following rules:
(1) if ω ∈ Ω∞, then for any s ∈ E ⊗K κ̂(x), we define
‖s‖E(x) = inf
s=k1f1+···+knfn,
ki∈κ̂(x),fi∈E
i=1,...,n
n∑
i=1
‖fi‖ω|ki|ω,
(2) if ω ∈ Ωfin, then for any s ∈ E ⊗K κ̂(x), we define
‖s‖E(x) = sup
f∈E∗
Kω
,f 6=0
|f(s)|ω
‖f‖ω,∗
.
We know that OE(1) is globally generated i.e. E ⊗K OP(E) → OE(1) is
surjective. Thus we can get the surjective homomorphism E⊗K OP(E),jω(x) →
OE(1)⊗OP(E) OP(E),jω(x) which induces the surjective map
E ⊗K κ̂(x)→ OE(1)⊗OP(E) κ̂(x).
Then we denote by ‖·‖E,FS(x) the quotient norm of ‖·‖E(x) which is called
the Fubini-Study norm. For every ω ∈ Ω, the norms described above defines
a continuous metric on j∗ω(OE(1)) which is called the Fubini-Study metric of
OE(1) (see Chen and Moriwaki [4, Propostion 2.2.12]).
Let L be a very ample line bundle on X. Let (E, ξ) be a pair of finitely
dimensional vector space over K and a norm family on it. Suppose that
there exists a surjective homomorphism of sheaves E ⊗K OX → L i.e. there
exists a surjective map β : E → H0(X,L) because L is globally generated.
Then we consider the morphism X → P(E) which is the composition of
X → P(H0(X,L)) and P(H0(X,L)) → P(E). Assume that X → P(E) is
a closed immersion, then we can equip L with a metric family φ = {φω}ω∈Ω
such that each φω is a pull-back of the Fubini-study metric of OE(1) under
Xanω → P(E)
an
ω . We call φ the quotient metric family induced by E and β.
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Definition 3.5 (Distance between metrics). — Let L be a line bundle
on X. For each ω ∈ Ω, let Lω be the pull-back of L under Xω → X. If
φ = {φω}ω∈Ω and ψ = {ψω}ω∈Ω are two continuous metric families on L.
Then we define the distance between φ and ψ to be
dω(φ,ψ) := sup
x∈Xanω
|φω − ψω|(x).
Definition 3.6. — Let L be an very ample line bundle over X with a contin-
uous metric family φ = {φω}ω∈Ω. Then we say φ is dominated if there exists
a pair E = (E, ξ) of finite-dimensional vector space E and norm family ξ, and
a surjective map β : E → H0(X,L) inducing a closed immersion X → P(E)
such that the function
ω ∈ Ω 7→ dω(φ,ψ)
is ν-dominated where ψ is the quotient metric family induced by E and β.
Definition 3.7. — Let L be a line bundle over X with a continuous metric
family φ. We say φ is dominated if there exists two pairs {(Li, φi)}i=1,2 of a
very ample line bundle and a dominated metric family such that L = L1 −L2
and φ = φ1 − φ2.
Proposition 3.8. — Let L and L′ be line bundles over X with continuous
metric family φ and φ′ respectively.
(1) If φ is dominated, then the dual metric family −φ on L∨ is dominated.
(2) If both φ and φ′ are dominated, then the tensor product metric family
φ+ φ′ on L⊗ L′ is dominated.
Proof. — See Chen and Moriwaki [4, Proposition 6.1.12].
Definition 3.9. — Let (D, g) be a pair of a Cartier divisor and a D-Green
function family. Then we say g is dominated if φg is a dominated metric family
of OX(D).
Theorem 3.10. — Let L be a line bundle over X with a dominated metric
family φ = {φω}ω∈Ω. For each ω ∈ Ω, let ‖·‖ω be the sup norm corresponding
to φω on H
0(X,L)⊗KKω. Then the norm family ξ = {‖·‖ω}ω∈Ω is dominated.
Proof. — See Chen and Moriwaki [4, Theorem 6.1.13]
3.3. Measurability of metric families. — Let Xan denote the Berkovich
space associated to X equipped with trivial absolute value |·| and j : Xan → X
the specification map. We define
Xan0 := {x ∈ X | j(x) is closed}.
We consider each point x ∈ X such that dim(j(x)) = 1. Let F = κ(j(x)),
then F is a finitely generated field over K of transcendental degree 1. Then
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there exists a positive real number q satisfies the property that for any absolute
value |·| on F over K, there exists a closed point ξ ∈ j(x) such that |s| =
exp(−qordξ(s)) for s ∈ F (see Neukirch [11, Proposition II.(3.3)]). Then we
call q the exponent of F or j(x).
Then set
Xan1,Q := {x ∈ X | dim(j(x)) = 1 and the exponent of j(x) is rational}
and
Xan61,Q := X
an
0 ∪X
an
1,Q.
Definition 3.11. — Let L be a line bundle over X with a continuous metric
family φ. Then we say φ is measurable if φ = {φω}ω∈Ω satisfies the following
two conditions:
(1) For any closed point P of X, the norm family {|·|φω (P )}ω∈Ω on L ⊗OX
κ(P ) is measurable.
(2) For any point x ∈ Xan
61,Q and any s ∈ L⊗OX κ̂(x), the function
(ω ∈ Ω0) 7→ |s|φω(x)
is A0-measurable.
Definition 3.12. — Let (D, g) be a pair of a Cartier divisor and a D-Green
function family. We say (D, g) is measurable if φg is measurable on OX(D).
Proposition 3.13. — Let L and L′ be line bundles over X with continuous
metric family φ and φ′ respectively.
(1) If φ is measurable, then the dual metric family −φ on L∨ is measurable.
(2) If both φ and φ′ are measurable, then the tensor product metric family
φ+ φ′ on L⊗ L′ is measurable.
Proof. — See Chen and Moriwaki [4, Proposition 6.1.27].
3.4. Adelic R-Cartier divisors. —
Definition 3.14. — Let (D, g) be a pair of a Cartier divisor on X and a D-
Green function family. We say (D, g) is an adelic Cartier divisor on X if the
associated metric of g is both dominated and measurable.
We denote by D̂iv(X) the set of all adelic Cartier divisor on X. Note that
D̂iv(X) is an abelian group by Proposition 3.8 and Proposition 3.13. For any
s ∈ K(X)×, the function
φω : (x ∈ X
an
ω ) 7→ ln |s(x)|ω
is a Green function on div(s)ω. We can show that the div(s)-Green function
family {φω}ω∈Ω is both dominated and measurable. Then we denote by d̂iv(s)
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the adelic Cartier divisor (div(s), {φω}ω∈Ω), which is called a principal adelic
Cartier divisor. Let P̂Div(X) denote the set of all such d̂iv(s).
Definition 3.15. — We denote by D̂ivR(X) the R-vector space D̂iv(X)⊗ZR
modulo the subspace generated by the elements of the form
(0, g1)⊗ λ1 + · · ·+ (0, gn)⊗ λn − (0, λ1g1 + · · ·+ λngn)
where λi ∈ R, i = 1, . . . , n. We call the elements in D̂ivR(X) the adelic
R-Cartier divisors on X. Similarly, let P̂DivR(X) denote the subspace of
D̂ivR(X) generated by P̂Div(X). D̂ivQ(X) and P̂DivQ(X) can be defined
following the same way.
For any R-Caritier divisor D, we can define the global section space as
follows:
H0R(D) := {f ∈ K(X)
× | div(f) +D >R 0} ∪ {0}.
The conditions of Green function family being dominated and measurable will
lead us to the following result:
Theorem 3.16. — Assume that either the σ-algebra A is discrete, or the field
K admits a countable subfield which is dense in every Kω with respect to |·|ω
for every ω ∈ Ω. For any (D, g) ∈ D̂ivR(X) and ω ∈ Ω, we consider a norm
‖·‖gω on H
0
R(D)⊗K Kω
‖φ‖gω := sup
x∈Xanω
{(exp(−gω)|φ|ω)(x)}
for φ ∈ H0R(D) ⊗K Kω. Let ξg denote the norm family {‖·‖gω}ω∈Ω. Then the
pair (H0R(D), ξg) is an adelic vector bundle on S.
Proof. — See Chen and Moriwaki [4, Theorem 6.2.18].
4. χ-Volume function
In this section, let S = (K, (Ω,A, ν),Φ) be a proper adelic curve satisfies
tensorial minimal slope of level C > 0 i.e. for any two adelic vector bundles E
and F over S, the followings inequality of minimal slopes holds:
µ̂min(E ⊗ǫ,π F ) +C ln(dimK(E ⊗ F )) > µ̂min(E) + µ̂min(F ).
Let X be a normal and geometrically integral projective K-scheme of dimen-
sion d. We also assume that either A is discrete or K admits a subfield K0
which is dense in Kω for every ω ∈ Ω.
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Definition 4.1. — Let (D, g) be an adelic R-Cartier divisor on X. The
volume of (D, g) is defined by
v̂ol(D, g) := lim sup
n→+∞
d̂eg+(H
0
R(nD), ξng)
nd+1/(d + 1)!
.
The χ-volume of (D, g) is defined by
v̂olχ(D, g) := lim sup
n→+∞
d̂eg(H0R(nD), ξng)
nd+1/(d + 1)!
.
About v̂ol(·), we recall the following results.
Theorem 4.2. — For any (D, g) ∈ D̂ivR(X), if D is big, the sequence{
d̂eg+(H
0
R(nD), ξng)
nd+1/(d+ 1)!
}
n∈N+
converges to v̂ol(D, g).
Proof. — See Chen and Moriwaki [4, Theorem 6.4.9].
Theorem 4.3 (the continuity of volume function)
For any D,E1, . . . , En ∈ D̂ivR(X), it holds that
lim
ǫ1→0,...,ǫn→0
v̂ol(D + ǫ1E1 + · · ·+ ǫnEn) = v̂ol(D).
Proof. — See Chen and Moriwaki [4, Theorem 6.4.24].
4.1. Several general properties of χ-volume function. — The following
Lemma shows that we can make a shift on v̂olχ(·) by multiplying the Green
function with an integrable function on Ω.
Lemma 4.4. — Let (D, g) be an adelic R-Cartier divisor on X and φ be an
integrable function on Ω. Then
v̂olχ(D,φ+ g) = v̂olχ(D, g) + (d+ 1)vol(D)
∫
Ω
φ(ω)ν(dω).
Proof. — By definition, we can do the following calculation that
v̂olχ(D,φ+ g) = lim sup
n→+∞
d̂eg(H0R(nD), exp(−nφ)ξng)
nd+1/(d + 1)!
= lim sup
n→+∞
d̂eg(H0R(nD), ξng) + n dimK(H
0
R(nD))
∫
Ω φ(ω)ν(dω)
nd+1/(d+ 1)!
= v̂olχ(D, g) + (d+ 1)vol(D)
∫
Ω
φ(ω)ν(dω).
18 WENBIN LUO
By this shifting property, we can talk about the relationship between v̂olχ(·)
and v̂ol(·) mentioned above. For a (D, g) ∈ D̂ivR(X), we introduce the
following asymptotic invariants:
µ̂supmin(D, g) := lim sup
n→+∞
µ̂min(H
0
R(nD), ξng)
n
,
µ̂infmin(D, g) := lim inf
n→+∞
µ̂min(H
0
R(nD), ξng)
n
.
It’s easy to see that if µ̂infmin(D, g) > 0, then by Remark 2.13,
d̂eg(H0R(nD), ξng) = d̂eg+(H
0
R(nD), ξng)
for every sufficiently large n, thus v̂olχ(D, g) = v̂ol(D, g). Moreover if D is big,
we can make this result even better by the replacing µ̂infmin(·) with µ̂
sup
min(·).
Proposition 4.5. — For a (D, g) ∈ D̂ivR(X), if D is big and µ̂
sup
min(D, g) > 0,
then
v̂olχ(D, g) = v̂ol(D, g).
In general, if µ̂supmin(D, g) > −∞, then there exists an integrable function φ on
Ω such that
v̂olχ(D, g + φ) = v̂ol(D, g + φ).
Proof. — By definition, it’s trivial that v̂olχ(D, g) 6 v̂ol(D, g). On the other
hand, since µ̂supmin(D, g) > 0, there exists an increasing sequence {nk ∈ N+}k∈N+
such that
µ̂min(H
0
R(nkD), ξnkg) > 0
for any k ∈ N+. Then by Remark 2.13, we have
d̂eg(H0R(nkD), ξnkg) = d̂eg+(H
0
R(nkD), ξnkg).
Therefore by definition,
v̂olχ(D, g) > lim sup
k→+∞
d̂eg+(H
0
R(nkD), ξnkg)
nd+1k /(d+ 1)!
.
Note that the right hand side is actually a limit and equals to v̂ol(D, g), so we
get the first assertion proved.
If µ̂supmin(D, g) > −∞, then take an integrable function φ on Ω such that∫
Ω
φ(ω)dω > −µ̂supmin(D, g). By Proposition 2.14, it’s obvious that µ̂
sup
min(D,φ+
g) > 0. Therefore we obtain the assertion by the first case.
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Now we can see that µ̂supmin(D, g) is an essential asymptotic invariant for
the study of v̂olχ(D, g). Actually, the continuity of µ̂
sup
min(·) will lead to the
continuity of v̂olχ(·). In the following we are going to show some properties of
µ̂supmin(·).
Definition 4.6. — For an R-Cartier divisor D on X, we say D satisfies
surjectivity of multiplication maps if the canonical map
H0R(nD)⊗H
0
R(mD)→ H
0
R((n +m)D)
is surjective for every n,m≫ 0.
Remark 4.7. — If D is ample or globally generated, then D satisfies the
surjectivity of multiplication maps. For details, see [9, Example 1.2.22 and
Example 2.1.29]
Lemma 4.8. — For any R-Cartier adelic divisor (D, g) on X, if D satisfies
the surjectivity of multiplication maps, then the sequence{
µ̂min(H
0
R(nD), ξng)
n
}
n∈N+
converges to a number in R.
Proof. — Set µn = µ̂min(H
0
R(nD), ξng). By definition, the canonical map
H0R(nD)⊗H
0
R(mD)→ H
0
R((n +m)D)
is surjective for every n,m ≫ 0. Since S satisfies tensorial minimal slope
property of level C > 0, we get the following inequality
µn+m > µn + µm − C ln(rn)− C ln(rm)
where rn = dim(H
0
R(nD)).
By [4, Proposition 6.3.15], the sequence
{µn
n
}
converges to an element in
R ∪ {+∞}. But since µ̂supmin(D, g) 6 µ̂
asy
max(D, g) < +∞ ([4, Proposition 6.2.7
and Proposition 6.4.4]), we get the assertion proved.
Proposition 4.9. — Let D = (D, g) and E = (E, h) be elements in D̂ivQ(X),
then we can give the following properties:
(1) If D is a Q-ample or semiample Cartier divisor for some m ∈ N+, then
for any q ∈ N+, we have
µ̂supmin(
1
q
D) >
1
q
µ̂supmin(D) > −∞
(2) If both D and E are ample Cartier divisors, then
µ̂supmin(D + E) > µ̂
sup
min(D) + µ̂
sup
min(E).
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Proof. — (1) By the conditions, there exists an integer m ∈ N+ such that mD
satisfies the surjectivity of multiplication maps, by Lemma 4.8, the sequence{
µ̂min(H
0
R(nmD), ξnmg)
n
}
n∈N+
converges to some µ ∈ R. Thus µ̂supmin(D) >
µ
m
> −∞. It’s obvious that
µ̂supmin(D/q) > lim sup
n→+∞
µ̂min(H
0
R(nD), ξng)
nq
=
1
q
µ̂supmin(D).
(2) By [9, Example 1.2.22], the canonical homomorphism
H0R(nD)⊗H
0
R(nE)→ H
0
R(n(D + E))
is surjective for every n≫ 0. Then we obtain that
µ̂min(H
0
R(n(D + E)), ξn(g+h)) > µ̂min(H
0
R(nD), ξng) + µ̂min(H
0
R(nE), ξnh)
−C ln(dimK(H
0
R(nD))− C ln(dimK(H
0
R(nE)).
Taking a quotient over n on both sides, and let n → +∞, we obtain the
assertion.
Theorem 4.10. — Let D = (D, g) and E = (E, h) be elements in D̂ivQ(X)
such that D is a Q-ample Q-Cartier divisor. Then we can describe the following
continuity for v̂olχ(·):
lim
n→±∞
v̂olχ(D +
1
n
E) = v̂olχ(D).
Proof. — Observe that we can assume n > 0 because we can just apply the
same reasoning to −E.
Take a positive integer m such that mD is ample Cartier and mE is Cartier.
We firstly give an estimate to µ̂supmin(D +
E
n
).
There exists an n0 ∈ N+ such that nmD + mE is ample Cartier for any
n > n0. Set µ =
µ̂supmin(mD)
m
, η =
µ̂supmin(n0mD +mE)
m
. Then, by using
Proposition 4.9,
µ̂supmin(D +
1
n
E) >
1
mn
µ̂supmin(mn(D +
1
n
E)) >
1
n
((n− n0)µ + η) =
(n− n0)µ
n
+
η
n
for every n > n0.
Take an integrable function φ on Ω such that∫
Ω
φ(ω)dω > − inf
n∈N+
{
(n− n0)µ
n
+
η
n
}
> −µ.
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Thus we obtain that µ̂supmin(D+
1
n
E+(0, φ)) > 0 for n≫ 0 by Proposition 2.14.
Therefore
v̂olχ(D +
1
n
E + (0, φ)) = v̂ol(D +
1
n
E + (0, φ))
for every n≫ 0 due to Lemma 4.8. By the continuity of v̂ol(·), we have
(2)
lim
n→+∞
v̂olχ(D +
1
n
E + (0, φ)) = v̂ol(D + (0, φ))
= v̂olχ(D + (0, φ)) = v̂olχ(D) + vol(D)A.
On the other hand, set A = (d+1)
∫
Ω
φ(ω)dω, we can write the left hand side
of equation (2) as follows:
(3)
lim
n→+∞
v̂olχ(D +
1
n
E + (0, φ)) = lim
n→+∞
(
v̂olχ(D +
E
n
) + vol(D +
E
n
)A
)
= lim
n→+∞
v̂olχ(D +
E
n
) + vol(D)A.
The first equation follows from Lemma 4.4 and the second equation comes from
the continuity of vol(·). Thus we obtain that lim
n→+∞
v̂olχ(D +
1
n
E) = v̂olχ(D)
by comparing (2) and (3).
Lemma 4.11. — For any (E, h), (0, f) ∈ D̂ivR(X), it holds that
lim
ǫ→0
v̂olχ(E, h + ǫf) = v̂olχ(E, h).
Proof. — Set
φ(ω) = max
{∣∣ sup
x∈Xω
{fω(x)}
∣∣, ∣∣ sup
x∈Xω
{−fω(x)}
∣∣} ,
which is an integrable function on Ω. Then |fω(x)| 6 φ(ω) for any x ∈ Xω and
ω ∈ Ω.
According to [4, Proposition 4.3.17], we have
d̂eg(H0R(nE), e
n|ǫ|φξnh) > d̂eg(H
0
R(nE), ξn(h+ǫf)) > d̂eg(H
0
R(nE), e
−n|ǫ|φξnh).
Since
d̂eg(H0R(nE), e
n|ǫ|φξnh) = d̂eg(H
0
R(nE), ξnh) + n|ǫ|dimK(H
0
R(nE))A,
d̂eg(H0R(nE), e
−n|ǫ|φξnh) = d̂eg(H
0
R(nE), ξnh)− n|ǫ|dimK(H
0
R(nE))A
where A =
∫
Ω φ(ω)ν(dω), and dimK(H
0
R(nE)) ∼ O(n
d), one obtains the
assertion by the definition of v̂olχ(·).
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Our ultimate goal is to extend this discussion to the case where D is big. As
well known that for any ample divisor A, there exists am ∈ N+ and an effective
divisor N such that A+N ∼ mD (see Lazarsfeld [9, Corollary 2.2.7]). In order
to associate ample divisors and big divisors, we give the following discussion.
Definition 4.12. — Let (D, g) be an adelic R-Cartier divisor on X. Then
we define the asymptotic ν1 and νmin as
νasymin(D, g) := lim infn→+∞
νmin(H
0
R(nD), ξng)
n
,
νasy1 (D, g) := lim sup
n→+∞
ν1(H
0
R(nD), ξng)
n
.
Note that there are two properties:
(1) If νasymin(D, g) > 0, thenH
0
R(nD) can be generated by sections with positive
Arakelov degree for every sufficiently large n.
(2) If S satisfies strong Minkowski’s property of certain level, then
νasymin(D, g) = µ̂
inf
min(D, g),
νasy1 (D, g) = µ̂
asy
max(D, g).
Proposition 4.13. — Let D = (D, g), E = (E, h) ∈ D̂ivR(X). If H
0
R(n(D −
E)) 6= 0 for n≫ 0 and µ̂infmin(D) > −∞, then
v̂olχ(D) > v̂olχ(E)+ (d+1)(vol(E)ν
asy
1 (D−E) + µ̂
inf
min(D)(vol(D)− vol(E))).
Proof. — For any nonzero element s ∈ H0R(n(D−E)), we consider the follow-
ing exact sequence
0→ H0R(nE)
·s
−→ H0R(nD)→ En → 0
where En is the cokernel of ·s. Let Fn be the image of H
0
R(nE) under ·s. We
denote by Fn and En the adelic vector bundles with restriction and quotient
norm families respectively. We can easily see that
d̂eg(H0R(nD), ξng) > d̂eg(F n) + d̂eg(En)
> d̂eg(H0R(nE), ξnh) + dimK(H
0
R(nE))d̂egξn(g−h)(s)
+ µ̂min(H
0(nD), ξng)(dimK(H
0
R(nD))− dimK(H
0
R(nE))).
Since s is abitrary, we can deduce that
d̂eg(H0R(nD), ξng)
> d̂eg(H0R(nE), ξnh) + dimK(H
0
R(nE))ν1(H
0
R(n(D − E)), ξn(g−h))
+ µ̂min(H
0(nD), ξng)(dimK(H
0
R(nD))− dimK(H
0
R(nE))).
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Thus
v̂olχ(D) = lim sup
n→∞
d̂eg(H0R(nD), ξng)
nd+1/(d + 1)!
> v̂olχ(E) + (d+ 1)(vol(E)ν
asy
1 (n(D − E)) + µ̂
inf
min(D)(vol(D)− vol(E))).
Corollary 4.14. — Let (D, g), (E, h) ∈ D̂ivR(X). If (D−E, g−h) >R 0 and
µ̂infmin(D, g) > 0, then
v̂olχ(D, g) > v̂olχ(E, h).
4.2. The continuity over trivially valued field. — Then let us consider
the case where K is trivially valued, i.e. Ω = {|·|0} and ν({|·|0}) = 1 where
|·|0 is the trivial absolute value. In this case, µ̂i(E) = νi(E) for any adelic line
bundle E with rank r and i = 1, . . . , r.
Let Xan denote the analytification of X with respect to |·|0. For any divisor
D on X, we can assign a canonical Green function gcD (see Ohnishi [12,
Proposition 3.5.1]) which makes νasymin(D, g
c
D) = ν
asy
max(D, gcD) = 0. Moreover
the map D 7→ gcD is R-linear (see Ohnishi [12, Proposition 3.5.4]).
Lemma 4.15. — Assume that K is trivially valued. Let (D, gcD + f) be an
adelic R-Cartier divisor on X, then
νasymin(D, g
c
D + f) > inf
x∈Xan
f(x).
Proof. — Set µ = inf
x∈Xan
f(x). Then since for any n ∈ N+ and s ∈ H0R(nD),
d̂egn(gc
D
+µ)(s) 6 d̂egn(gc
D
+f)(s),
we get the assertion proved.
Theorem 4.16. — Assume that K is trivially valued. The following continu-
ity of v̂olχ(·) holds:
lim
|ǫ1|+···+|ǫn|→0
v̂olχ((D, g
c
D + f) + ǫ1(E1, g
c
E1
+ h1) + · · ·+ ǫn(En, g
c
En
+ hn))
= v̂olχ(D, g
c
D + f)
where (D, gcD + f), (E1, g
c
E1
+ h1), · · · , (En, g
c
En
+ hn) are adelic R-Cartier
divisors on X.
Proof. — We first observe that
(D, gcD + f) + ǫ1(E1, g
c
E1
+ h1) + · · ·+ ǫn(En, g
c
En
+ hn) =
(D + ǫ1E1 + · · ·+ ǫnEn, g
c
D+ǫ1E1+···+ǫnEn + f + ǫ1h1 + · · ·+ ǫnhn)
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due to the R-linearity of canonical Green function (see Ohnishi [12, Proposition
3.5.4]). Set
µ = inf
x∈Xan
f(x)
ηi = inf
x∈Xan
min{hi(x),−hi(x)}, i = 1, . . . , n.
Hence according to the lemma above,
inf
x∈Xan
(f + ǫ1h1 + · · ·+ǫnhn)(x) >
inf
x∈Xan
f(x) + inf
x∈Xan
ǫ1h1(x) + · · ·+ inf
x∈Xan
ǫnhn(x) >
µ+ |ǫ1|η1 + · · ·+ |ǫn|ηn.
Therefore νasymin((D, g
c
D + f) + ǫ1(E1, g
c
E1
+ h1) + · · · + ǫn(En, g
c
En
+ hn)) is
uniformly bounded from below for |ǫ1| + · · · + |ǫn| ≪ 0. Then we obtain the
continuity of v̂olχ(·) due to the continuity of v̂ol(·) and vol(·).
5. Applications of arithmetic Okounkov bodies
The arithmetic Okounkov body of an adelic divisor (D, g) is introduced in
[4] as a concave function on the Okounkov body of D, which can be used to
calculate the volume of (D, g), we are going to see more applications in this
section.
5.1. Construction of concave transforms. — This subsection generally
rephrases the section 3 of chapter 6 in [4]. Let X be a normal, geometrically
integral, projective K-scheme of dimension d and admits a regular rational
point x. For an adelic R-Cartier divisor (D, g) on X, we can view that
H0R(nD) ⊂ K(X) ⊂ Frac(OX,x) ⊂ Frac(ÔX,x) ⊂ K((T1, ..., Td)).
Let En = H
0
R(nD), then we can consider the graded algebra
E := ⊕
n∈N
En ⊂ K((T1, ..., Td))[Y ].
We denote by gr(n, α) the vector subspace of E generated by TαY n where
(n, α) ∈ N× Zd, then E = ⊕
(n,α)∈N×Zd
gr(n, α).
Set
ΓD : = {(n, α) ∈ N× Z
d | 0 6= gr(n, α)},
ΓD,n := {α ∈ Z
d | (n, α) ∈ ΓD}
and ∆(D) be the closure of {n−1α | (n, α) ∈ ΓD} in Rd, which is called
the Okounkov body of D. If let η be the Lesbegue measure on Rd, then
η(∆(D)) = vol(D).
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Then we start to give the construction of the concave transforms. Let |·|
denote the trivial absolute value on K For each n ∈ N, we denote by Fn the
Harder-Narasimhan R-filtration of (H0R(nD), ξng). Then we can define a norm
‖·‖Fn on En over (K, |·|) by
‖x‖Fn = e
−λFn (x)
for x ∈ En where λFn(x) := sup{t ∈ R|x ∈ F
t
n}. Actually, the graded normed
linear series V• := ⊕
n∈N+
(En, ‖·‖Fn ) contains all the information we need to
construct the concave transform.
We equip Zd with lexicographic order, then set
G(n)6α := ⊕
β∈Γn,β6α
gr(n, β)
and
G(n)<α := ⊕
β∈Γn,β<α
gr(n, β).
Now we can view gr(n, α) as the quotient space of G(n)6α over G(n)<α. Thus
we can give a quotient norm ‖·‖(n,α) of ‖·‖Fn on gr(n, α).
Set g(D,g)(n, α) = − ln‖s‖(n,α) where s ∈ gr(n, α)\{0}. Since gr(n, α) is of
dimension 1 and K is trivially valued, g(n, α) is thus well-defined. We going
to show that if we denote by δ the function that maps n ∈ N+ to C ln(#Γn),
then g is δ-suppperadditive i.e. for any (n, α), (m,α) ∈ Γ, we have
g(D,g)(n+m,α+ β) > g(D,g)(n, α) + g(D,g)(m,β) − δ(n)− δ(m).
Take non-zero elements e and f of gr(n, α) and gr(m,β) respectively, then
since X is geometrically integral, ef is a non-zero element of gr(m+n, α+β).
Thus
g(D,g)(m+ n, α+ β) = λFn+m(ef)
= sup{t ∈ R | ef ∈ F tn+m}
> λFn(e) + λFn(f)− δ(n) − δ(m)
where the last inequality comes from the fact that F t1n ·F
t2
m ⊂ F
t1+t2−δ(n)−δ(m)
n+m
for any t1, t2 ∈ R (see Chen and Moriwaki [4, Proposition 6.3.25]).
So far we finished the preparation of the construction, in order to show how
g(D,g) is related with the concave transform, we give the following theorem
firstly.
Theorem 5.1. — There exists a concave function G(D,g) : ∆(D) → R called
the concave transform of g such that for any continuous function f on R with
compact support, the following holds:
lim
n→+∞
1
#Γn
∑
α∈Γn
f(n−1g(D,g)(n, α)) =
1
η(∆(D))
∫
x∈∆(D)◦
f(G(D,g)(x))dx.
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Proof. — See Chen and Moriwaki [4, Theorem 6.3.16]
Here we roughly give the construction of G(D,g): We define
g˜(D,g)(u) := lim sup
n→+∞
g(D,g)(nu)
n
for any u ∈ Γ. One can show that g˜(D,g) satisfies following properties:
(1) g˜(D,g)(u) = lim
n→+∞
g(D,g)(nu)
n
,
(2) g˜(D,g)(n, γ) > g(D,g)(n, γ)− δ(n),
(3) g˜(D,g)(u1 + u2) > g˜(D,g)(u1) + g˜(D,g)(u2).
For any t ∈ R, set Γt(D,g) := {(n, α) ∈ Γ|g˜(D,g)(n, α) > nt}. Then we can
similarly define the convex body corresponding to Γt(D,g) as
∆(Γt(D,g)) = {n
−1α | (n, α) ∈ Γt(D,g)}.
As the family {∆(Γt(D,g))}t∈R of convex bodies is decreasing, the concave
transform is given by G(D,g)(x) = sup{t ∈ R|x ∈ ∆(Γ
t
(D,g))}.
Next we are going to see its relationship with our main goal. Let rn :=
#Γn = dimK(H
0
R(nD)) and {α1, α2, · · · , αrn} be the sorted sequence of {α ∈
Zd | (n, α) ∈ Γ} by lexicographic order. Then we have the flag
(4) 0 ( G(n)6α1 ( · · · ( G(n)6αrn = En.
Since (K, |·|) is spherically complete, by [4, Proposition 1.2.30] , we can find
an orthogonal basis e = {e1, . . . , ern} of En compatible with the above flag i.e.
e satisfies the following two properties:
(1) #e ∩ G(n)6αi = i for i = 1, . . . , rn.
(2) For any x = λ1e1 + · · · + λrnern ∈ En where λi ∈ K for i = 1, . . . , rn, it
holds that
‖x‖Fn > max
λi 6=0
i=1,...,rn
{‖ei‖}.
We can even assume that ei ∈ gr(n, αi) for i = 1, . . . , rn. Then by
the property (2) above, we have ‖ei‖(n,α) = ‖ei‖Fn which implies that the
sorted sequence of {− ln ‖ei‖}16i6n = {g(D,g)(n, α)}α∈Γn is identified with
{µ̂i(En, ξng)}16i6rn .
Note that by [4, Proposition 6.2.16, Proposition 6.4.4 and Lemma 6.4.17],
we have
sup
x∈∆(D)◦
G(D,g)(x) = µ̂
asy
max(D, g) := lim sup
n→+∞
µ̂max(H
0
R(nD), ξng)
n
< +∞.
Thus we can deduce that
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Theorem 5.2. — For a (D, g) ∈ D̂ivR(X) with D being big and µ̂
inf
min(D, g) >
−∞, it holds that
lim
n→+∞
1
nd/d!
∑
16i6rn
µ̂i(H
0
R(nD), ξng)
n
=
∫
x∈∆(D)◦
G(D,g)(x)dx.
Proof. — See Chen and Moriwaki [4, Remark 6.3.27].
Corollary 5.3. — For a (D, g) ∈ DivR(X), if D is big and µ̂
inf
min(D, g) > −∞,
then
v̂olχ(D, g) = (d+ 1)
∫
x∈∆(D)◦
G(D,g)(x)dx.
Proof. — Let rn = dimK(H
0
R(nD)). By Proposition 2.17,∣∣∣∣∣d̂eg(H0R(nD), ξng)−
rn∑
i=1
µi(H
0
R(nD), ξng)
∣∣∣∣∣ ≤ 12rnln(rn)ν(Ω∞),
it follows that
lim sup
n→+∞
d̂eg(H0R(nD), ξng)
nd+1/(d + 1)!
= lim sup
n→+∞
1
nd+1/(d + 1)!
rn∑
i=1
µ̂i(H
0
R(nD), ξng)
= (d+ 1) lim
n→+∞
1
nd/d!
rn∑
i=1
µ̂i(H
0
R(nD), ξng)
n
= (d+ 1)
∫
∆(D)
G(D,g)(x)dx.
As an application of above result, we can reduce the study of v̂olχ(·) to
concave functions on convex bodies in Rd.
5.2. Variation of concave transforms. — In this subsection, we keep
the same assumption and notations as in previous subsection. We are going
to mainly study the variation of inf
x∈∆(D)◦
G(D,g)(x) which would lead to the
integrablity of the concave transform under certain circumstances.
Lemma 5.4. — Let (D, g) be an adelic R-Cartier divisor. Then for any ζ ∈ R
we have ζ ≤ inf
x∈∆(D)
G(D,g)(x) if and only if ∆(Γ
ζ
(D,g)
) = ∆(D).
Proof. — This comes from the construction of G(D,g)(x) i.e.
G(D,g)(x) = sup{t ∈ R|x ∈ ∆(Γ
t
(D,g))}.
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for any x ∈ ∆(D) and the fact that {Γt(D,g)}t∈R is a decreasing family of convex
bodies, we obtain that x ∈ Γt(D,g).
Lemma 5.5. — Let (D, g) be an adelic R-Cartier divisor and φ be an inte-
grable function on Ω. Then
G(D,g+φ)(x) = G(D,g) +
∫
ω∈Ω
φ(ω)dω.
Proof. — Set A =
∫
ω∈Ω
φ(ω)dω. Since for each n ∈ N+,
{µ̂i(H
0
R(nD), ξng+nφ)}16i6rn = {µ̂i(H
0
R(nD), ξng) + nA}16i6rn
is identified with the sorted sequence {g(D,g+φ)(n, α)}α∈Γn , it follows that
g(D,g+φ)(x) = g(D,g)(x) + nA.
By the construction decribed in previous subsection of concave transform,
g˜(D,g+φ)(x) = g˜(D,g)(x)+nA which would lead to G(D,g+φ)(x) = G(D,g)(x)+A
for each x ∈ ∆(D).
Proposition 5.6. — Let (D, g) be an adelic R-Cartier divisor on X and α ∈
R+. The following homogeneity holds:
α inf
x∈∆(D)
G(D,g)(x) = inf
x∈∆(αD)
G(αD,αg)(x).
Proof. — Take an integrable function φ on Ω such that
∫
ω∈Ω
φ(ω)dω = 1. For
any t ∈ R, set
Ht(D, g) := v̂ol(D, g − tφ) =
∫
x∈∆(D)◦
max{G(D,g−tφ)(x), 0}dx
=
∫
x∈∆(D)◦
max{G(D,g)(x)− t, 0}dx.
It’s easy to see that
(5)
d
dt
Ht(D, g) = −η(∆(Γ
t
(D,g)))
where η is the Lebesgue measure on Rd.
Apply (5) to (αD,αg), we obtain
(6)
d
dt
Hαt(αD,αg) = −αη(∆(Γ
αt
(αD,αg))).
On the other hand, since
Hαt(αD,αg) = v̂ol(αD,αg − αtφ) = α
d+1v̂ol(D, g − tφ) = αd+1Ht(D, g),
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we can deduce that
(7)
d
dt
Hαt(αD,αg) = −α
d+1η(∆(Γt(D,g))).
Thus
(8) η(∆(Γt(αD,αg))) = α
dη(∆(Γt(D,g))).
Take a real number t such that t ≤ inf
x∈∆(D)
G(D,g)(x). Then ∆(Γ
t
(D,g)) = ∆(D)
follows from Lemma 5.4. Then by the fact that
η(∆(αD)) = vol(αD) = αdvol(D) = αdη(∆(D))
and (8), it holds that
∆(Γαt(αD,αg)) = ∆(αD).
Hence αt ≤ inf
x∈∆(αD)
G(αD,αg)(x). As t is arbitrary, in consequence,
α inf
x∈∆(D)
G(D,g)(x) 6 inf
x∈∆(αD)
G(αD,αg)(x).
At last, we replace α by
1
α
and (D, g) by (αD,αg), we get the other direction
of the above inequality.
Definition 5.7. — For any D ∈ D̂ivR(X) such that D is big and GD(x) is
bounded from below, we define the following alternative of v̂olχ(D):
v̂olI(D) :=
∫
x∈∆(D)
GD(x)dx.
Remark 5.8. — By Corollary 5.3, we know that if µ̂infmin(D, g) > −∞ (for
example D is ample, see lemma 4.8), then
(9) v̂olχ(D, g) = (d+ 1)v̂olI(D, g).
Moreover, if inf
x∈∆(D)
GD(x) > 0, then
v̂ol(D, g) = (d+ 1)v̂olI(D, g).
Then we can actually see that (9) also holds for Q-ample Q-Cartier divisors
due to Proposition 4.5. In details, there exists a integrable function φ on Ω
such that µ̂supmin(D, g + φ) > 0 and inf
x∈∆(D)
G(D,g+φ)(x) > 0, then
v̂olχ(D, g + φ) = v̂ol(D, g + φ) = (d+ 1)v̂olI(D, g + φ).
By removing φ from above equations, we get (9) due to the shifting property
and Lemma 5.4.
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Proposition 5.9. — Let D = (D, g) be an adelic R-Cartier divisor. If D is
big and inf
x∈∆(D)
GD(x) > −∞, then
v̂olI(αD) = α
d+1v̂olI(D)
for any α ∈ R+.
Proof. — Take an integrable function φ on Ω such that∫
ω∈Ω
φ(ω)dω > − inf
x∈∆(D)
GD(x).
Then
(10) v̂olI(D)+vol(D)
∫
ω∈Ω
φ(ω)dω = v̂olI(D+(0, φ)) =
1
d+ 1
v̂ol(D+(0, φ)).
By Proposition 5.6, we know that∫
ω∈Ω
αφ(ω)dω > − inf
x∈∆(αD)
GαD(x).
Thus
(11)
v̂olI(αD)+vol(αD)
∫
ω∈Ω
αφ(ω)dω =
v̂olI(αD + (0, αφ)) =
1
d+ 1
v̂ol(αD + (0, αφ)).
By the fact that v̂ol(αD) = αd+1v̂ol(D) and vol(αD) = αdvol(D), we deduce
the result from (10) and (11).
The following inequalities about v̂olχ(·) mainly derived from Chen [5], es-
pecially the key lemma can be found in [5, Theorem 2.3].
Lemma 5.10. — Let ∆1 and ∆2 be convex bodies in Rd, G1, G2 and G be
upper bounded measurable functions on ∆1, ∆2 and ∆1 + ∆2 respectively.
Further, we assume that G is positive and G(x+ y) > G1(x) +G2(y). Then it
holds that ∫
∆1+∆2
G(x)dx
η(∆1 +∆2)
>
∫
∆1
G1(x)dx
η(∆1)
+
∫
∆2
G2(x)dx
η(∆2)
where η is the Lebesgue measure on Rd.
Proof. — Let Z1 be a random variable on the uniformly distributed probability
space (∆1,
µ
µ(∆1)
) and Z2 be a random variable on the uniformly distributed
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probablity space (∆2,
µ
µ(∆2)
). Then the inequality comes from the following
inequality for expectations:
E[G(Z1 + Z2)] > E[G1(Z1)] + E[G2(Z2)].
Theorem 5.11. — Let (D1, g1) and (D2, g2) be two R-Cartier adelic divisors
on X. We assume that
(1) both D1 and D2 are big,
(2) inf
x∈∆(D1)
G(D1,g1)(x) > −∞ and inf
x∈∆(D2)
G(D2,g2)(x) > −∞.
Then the following inequality holds:
v̂olI(D1, g1)
vol(D1)
+
v̂olI(D2, g2)
vol(D2)
6
∫
∆(D1)+∆(D2)
G(D1+D2,g1+g2)(x)dx
vol(∆(D1) + ∆(D2))
.
Moreover if dim(X) = 1 or D1 and D2 are Q-ample Q-Cartier, then
v̂olI(D1, g1)
vol(D1)
+
v̂olI(D2, g2)
vol(D2)
6
v̂olI(D1 +D2, g1 + g2)
vol(D1 +D2)
.
Proof. — By [4, Proposition 6.3.28] , we have the following two facts that
(1) ∆(D1) + ∆(D2) ⊂ ∆(D1 +D2),
(2) G(D1,g1)(x)+G(D2,g2)(y) 6 G(D1+D2,g1+g2)(x+ y) for any x ∈ ∆(D1) and
y ∈ ∆(D2).
Then it follows from Theorem 5.2 and Lemma 5.10 that
v̂olI(D1, g1)
vol(D1)
+
v̂olI(D2, g2)
vol(D2)
6
∫
∆(D1)+∆(D2)
G(D1+D2,g1+g2)(x)dx
vol(∆(D1) + ∆(D2))
.
To obtain the second inequality, it suffices to show that
∆(D1) + ∆(D2) = ∆(D1 +D2).
In the case where dim(X) = 1, the Okoukov bodies∆(D1), ∆(D2) and ∆(D1+
D2) are bounded intervals of R. Note that ∆(D1)+∆(D2) ⊂ ∆(D1+D2) and
vol(D1 +D2) = deg(D1 +D2) = deg(D1) + deg(D2) = vol(D1) + vol(D2),
it follows that ∆(D1) + ∆(D2) = ∆(D1 +D2).
In the case that D1 and D2 are both Q-ample Q-Cartier, see Corollary
6.4.
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5.3. Applications on arithmetic surfaces. — Now we focus on the case
of arithmetic surfaces over adelic curves, i.e. dimX = 1. There is one thing
worth noting that for any R-Cartier divisor D on X, if deg(D) > 0, then we
can write D in the form of
D = λ1D1 + λ2D2 + · · · + λnDn
where Di are ample Cartier divisors and λi are positive real numbers. This is
just due to Nakai criterion for R-divisors (see Lazarsfeld [9, Theorem 2.3.18]).
Or you can just see Theorem 6.5 for specifically the curve case. By the fact
that any Cartier divisor admits a Green function on it, we can write (D, g) in
the form of
(D, g) = λ1(D1, g1) + λ2(D2, g2) + · · ·+ λn(Dn, gn).
Proposition 5.12. — Assume that dimX = 1. Let (D, g) be an adelic R-
Cartier divisor. If deg(D) > 0 then
inf
x∈∆(D)
G(D,g)(x) > −∞.
Proof. — As discussed above, we can write (D, g) in the form of
(D, g) = λ1(D1, g1) + λ2(D2, g2) + · · ·+ λn(Dn, gn).
SinceDi is ample Cartier for i = 1, . . . , n, by Lemma 4.8, we have µ̂
inf
min(Di, gi) >
−∞ which implies that
inf
x∈∆(D)
G(Di,gi)(x) > −∞
for each i = 1, . . . , n. Moreover, by the homogeneity described in Proposition
5.6, we get that
inf
x∈∆(λiD)
G(λiDi,λigi)(x) > −∞.
Since we have the two following facts that
(1) ∆(λ1D1) + ∆(λ2D2) = ∆(λ1D1 + λ2D2),
(2) For any x ∈ ∆(λ1D1) and y ∈ ∆(λ2D2), it holds that
G(λ1D1,λ1g1)(x) +G(λ2D2,λ2g2)(y) 6 G(λ1D1+λ2D2,λ1g1+λ2g2)(x+ y).
One obtains that
inf
x∈∆(λ1D1+λ2D2)
G(λ1D1+λ2D2,λ1g1+λ2g2)(x) >
inf
x∈∆(λ1D1)
G(λ1D1,λ1g1)(x) + inf
x∈∆(λ2D2)
G(λ2D2,λ2g2)(x) > −∞.
Then proceeding by induction on n, we obtain the assertion.
Now we know that for any ample R-Cartier divisor D on arithmetic surface
X, v̂olI(D, g) is well defined. In the following, we are going to prove the
continuity of v̂olI(·).
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Proposition 5.13. — Assume that dimX = 1. Let (D, g) be an R-Cartier
adelic divisor such that v̂olI(D, g) > 0 and (E, h) be an R-Cartier adelic divi-
sor. Then there exists a positive integer n0 such that v̂olI(n(D, g)+(E, h)) > 0
for n > n0.
Proof. — Take an integer n0 such that deg(n0D+E) > 0. Then there exists a
non-negative integrable function φ on Ω such that v̂olI(n0D+E,n0g+h+φ) >
0.
Since v̂olI(D, g) > 0, there exist an integer m0 such that for m > m0 ∈ N,
it holds that v̂olI(D, g−
φ
m
) > 0. Hence v̂olI(mD,mg−φ) = m
d+1v̂olI(D, g−
φ
m
) > 0.
We can therefore get that
v̂olI((m+ n0)D + E, (m+ n0)g + h)
vol((m+ n0)D + E)
>
v̂olI(n0D + E,n0g + h+ φ)
vol(n0D + E)
> 0
by Theorem 5.11. Thus v̂olI(nD + E,ng + h) > 0 for any n > m0 + n0.
Theorem 5.14. — Assume that dimX = 1. For any R−Cartier divisors
D = (D, g), E1, . . . , En, if deg(D) > 0, then
lim
|ǫ1|+···+|ǫn|→0
v̂olI(D + ǫ1E1 + · · ·+ ǫnEn) = v̂olI(D).
Proof. — By Lemma 4.4, there exists a Green function g′ on D such that
v̂olI(D, g
′) > 0. Then there exists a sufficiently large a ∈ N such that
v̂olI(a(D, g
′)± Ei) > 0 for any i = 1, . . . , n due to Proposition 5.13.
If we set ǫ = |ǫ1|+ · · ·+ |ǫn|, then for ǫ≪ 1, the inequality
v̂olI(D + aǫD, g + aǫg
′)
vol(D + aǫD)
>
v̂olI(D + ǫ1E1 + · · ·+ ǫnEn)
vol(D + ǫ1E1 + · · ·+ ǫnEn)
>
v̂olI(D − aǫD, g − aǫg
′)
vol(D − aǫD)
holds by Theorem 5.11.
Since
v̂olI(D + aǫD, g + aǫg
′) = v̂olI((1 + aǫ)D, (1 + aǫ)g + aǫ(g
′ − g))
= (1 + aǫ)d+1v̂olI(D, g +
aǫ
1 + aǫ
(g′ − g))
for ǫ small enough, we obtain that lim
ǫ→0
v̂olI(D+ aǫD, g+ aǫg
′) = v̂olI(D, g) by
Lemma 4.11.
We can run the similar process to get that lim
ǫ→0
v̂olI(D − aǫD, g − aǫg
′) =
v̂olI(D, g). The continuity of v̂olI(·) is thus proved.
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Remark 5.15 (The continuity of χ-volume for Q-ample Q-Cartier
divisors)
We can see that the in arbitrary dimension, for any adelic Q-Cartier divisors
D = (D, g), E1, . . . , En, if D is Q-ample Q-Cartier, then it holds that
lim
|ǫ1|+···+|ǫn|→0
v̂olχ(D + ǫ1E1 + · · · + ǫnEn) = v̂olχ(D)
where ǫi ∈ Q for i = 1, . . . , n. The proof goes identically with Theorem 5.14
by replacing v̂olI(·) with v̂olχ(·) and Proposition 5.13 with Theorem 4.10.
Remark 5.16. — Someone may wonder whether we can deduce the continu-
ity of v̂olχ(·) from the continuity of v̂olI(·) in the case where X is of dimension
1. Obviously, if µ̂supmin(D, g) > −∞ for any (D, g) ∈ DivR(X) with deg(D) > 0,
then the answer is yes.
But even we already have the result that inf
x∈∆(D)
G(D,g)(x) > −∞, we can
not show that v̂olI(D, g) = 2v̂olχ(D, g) from the weak convergence in Theorem
5.1.
Assume that {rn}n∈N is a strictly increasing sequence of postivie integers.
For any x, we denote by δx the measure with mass 1 on the point X. Then
the sequence of empirical measures {ηn :=
1
rn
δ−rn +
rn − 1
rn
δ1} weakly con-
verges to η = δ1 which is of compact support. This is simply due to the
difference between weak convergence and convergence. Take f(x) = x, then
lim
n→+∞
∫
R
f(x)ηn(dx) = lim
n→+∞
(−rn
rn
+
rn − 1
rn
)
= 0, but
∫
R
f(x)η(dx) = 1.
Instead of the continuity of v̂olχ(·), we can view v̂olI(·) as a continous
extension of v̂olχ(·) by the following corollary.
Corollary 5.17. — Assume that dimX = 1. Let D = (D, g) be an adelic
R-Cartier divisor on X such that deg(D) > 0. So we can write D as
D = α1D1 + α2D2 + · · ·+ αnDn
where Di = (Di, gi), Di is an ample Cartier divisor with αi > 0, i = 1, . . . , n.
Then we can view v̂olI(·) as a continuous extension of v̂olχ(·) according to the
following formula:
lim
ai→αi
ai∈Q
i=1,...,n
v̂olχ(a1D1 + a2D2 + · · · + anDn) =
v̂olI(D)
2
.
Proof. — This is due to the fact that v̂olχ(·) agrees with
1
2
v̂olI(·) for any adelic
Q-Cartier Q-ample divisor and the continuity of v̂olI(·).
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6. Appendix
This part is dedicated to give proofs for some results in algebraic geometry,
especially the surjectivity of multiplication maps for ample divisors which is
just taken from [9]. Then we apply this property to Okounkov bodies.
Lemma 6.1. — Let X be a projective scheme and D an ample Cartier divisor
on X. Then any coherent sheaf F on X admits a (possibly non-terminating)
resolution:
· · · → ⊕OX(−p1D)→ ⊕OX(−p0D)→ F → 0
where 0 < p0 < p1 < · · · .
Proof. — Since D is ample, we have F ⊗ OX(p0D) is globally generated for
some p0 ≫ 0. Then we can get a surjective map ⊕OX → F ⊗OX(p0D) which
induces the surjective map ⊕OX(−p0D)→ F . For the kernal of the map, we
can apply the same process the get p1, and then continue.
Lemma 6.2. — Let X be a projective scheme. Consider a resolution of co-
herent sheaves:
0→ Fn → · · · → F1 → F0 → F → 0.
If
Hk(X,F0) = H
k+1(X,F1) = · · · = H
k+n(X,Fn) = 0,
then Hk(X,F) = 0.
Theorem 6.3. — Let X be a projective scheme, and let D and E be ample
Cartier divisor on X. Then there exists an N ∈ N+ which is related to D and
E, such that for every n,m > N , the multiplication map
H0(nD)⊗H0(mE)→ H0(nD +mE)
is surjective.
Proof. — Let ∆ ⊂ X×X denote the image ofX under the diagonal morphism.
Consider the exact sequence of sheaves on X ×X:
0 −→ I∆ −→ OX×X −→ O∆ −→ 0.
Set (nD,mE) = p∗1(nD) + p
∗
2(mE). Denote by OX×X(nD,mE) the struc-
ture sheaf of (nD,mE), and set
I∆(nD,mE) := I∆ ⊗OX×X(nD,mE),
O∆(nD,mE) := O∆ ⊗OX×X(nD,mE).
Then there exists an exact sequence of sheaves on X that
0 −→ I∆(nD,mE) −→ OX⊗X(nD,mE) −→ O∆(nD,mE) −→ 0
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which leads to the exact sequence
0→H0(X ⊗X,I∆(nD,mE))→ H
0(X ⊗X,OX⊗X (nD,mE))→
H0(X ⊗X,O∆(nD,mE))→ H
1(X ⊗X,I∆(nD,mE))→ ... .
Since H0(X⊗X,OX⊗X(nD,mE)) = H
0(X,nD)⊗H0(X,mE) by Künneth
formula and H0(X⊗X,O∆(nD,mE)) = H
0(X,nD+mE), it suffices to show
that H1(X ⊗X,I∆(nD,mE)) = 0 for every n,m≫ 0.
By Lemma 6.1, we can construct a resolution with the form
· · · → ⊕OX×X(−p1D,−p2E)→ ⊕OX×X(−p0D,−p0E)→ I∆ → 0
where 0 < p0 < p1 < · · · .
Thus it suffices to show that
H i+1
(
X ×X,OX×X
(
(n− pi)D, (m− pi)E
))
= 0
for any i > 0 and n,m ≫ 0. For i > dimX × X, this is trivial due to
Grothendieck’s vanishing theorem. In the case that i < dimX×X, by Künneth
formula, we have
H i+1
(
X ×X,OX×X
(
(n− pi)D, (m− pi)E
))
=
⊕
j+k=i+1
Hj(X, (n − pi)D)⊗H
k(X, (m − pi)E).
As an application of Serre’s vanishing theorem in [8, Proposition 5.3], we
know that there exists an N ∈ N+ such that for n > N , H l(X, (n− pi)D) = 0
for any l > 0 and i < dimX ×X.
Therefore we deduce the surjectivity of multiplication map.
As an application of the surjectivity of multiplication maps for ample divi-
sors, we deduce the following fact.
Corollary 6.4. — Let D1 and D2 be two Q-ample Q-Cartier divisors on X,
then the canonical map of the Okounkov bodies
∆(D1) + ∆(D2)→ ∆(D1 +D2)
is surjective.
Proof. — Since the Okounkov body is homogeneous in the sense that ∆(pD) =
p∆(D) for any big divisor D and p ∈ Q+, we can assume D1 and D2 are both
Cartier. Moreover, after taking a sufficient large multiple of the divisors, we
can assume that the surjectivity holds for every multiplication map i.e. the
number N in Theorem 6.3 is 1. In the following discussion, we use the same
notations as in section 4.2.
For any n ∈ N+ and (n, α) ∈ ΓD1+D2 , there exists a section s ∈ H
0
R(nD1 +
nD2) such that its image in K((T1, . . . , Td)) is λT
α for some λ ∈ K. On the
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other hand, by the surjectivity of multiplication maps, there exists u1, . . . , um ∈
H0R(nD1) and v1, . . . , vm ∈ H
0
R(nD2) such that
u1v1 + · · ·+ umvm = s.
Consider the image of the left hand side in K((T1, . . . , Td)), it has the form
µ1Y
β1+γ1 + · · ·+ µrY
βr+γr
where µi ∈ K,βi ∈ ΓD1,n, γi ∈ ΓD2,n, i = 1, . . . , r and r ∈ Z+.
Then there must be at least one couple of (βi, γi) such that βi + γi = α,
thus ΓD1,n + ΓD2,n = ΓD1+D2,n for every n ∈ N+. We therefore obtain the
surjectivity by the construction of Okounkov bodies.
Theorem 6.5. — Let X be an integral projective curve, and D an R-divisor
with positive degree. Then we can write D in the form of
D = a1D1 + · · ·+ amDm
where Di are ample divisors and ai > 0.
Proof. — Assume that D = n1P1 + · · · + nrPr where Pi are closed points on
X. Then we proceed by induction on r. We may further assume that
n1 > n2 > · · · > nr.
In the case that r = 1, it’s trivial. In the following we assume that r > 1. If
nr > 0, then we are done because D is already in desired form. If nr < 0, set
D′ = n1P1 + · · · + nr−1Pr−1. Then deg(D
′) > deg(D) > 0, by the induction
hypothesis, we can write D′ in the form that
D′ = a1D1 + · · · + amDm
where Di are ample and ai > 0.
Then take rational numbers λi < ai/|nr| for i = 1, · · · ,m such that
m∑
i=1
λideg(Di) > deg(Pr).
This can be acheived because deg(D′) =
m∑
i=1
aideg(Di) > −nrdeg(Pr). Then
we can write D in the form that
D =
m∑
i=1
(ai − |nr|λi)Di + |nr|
(
m∑
i=1
λiDi − Pr
)
.
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